Abstract. Using the fact that all groups of exponent 3 are nilpotent, we show that every sharply 2-transitive permutation group whose point stabilizer has exponent 3 or 6 is finite.
Introduction
Let G be a sharply 2-transitive permutation group acting on a (possibly infinite) set Ω, that is, G is 2-transitive on Ω, |Ω| > 1, and only the identity of G fixes more than one element in Ω.
It is still unknown whether an infinite sharply 2-transitive group G always has a normal subgroup that is regular (i.e. sharply 1-transitive on Ω) as in the finite case. Kerby gave an affirmative answer to that question under the assumption that for some α ∈ Ω every conjugacy class in the point stabilizer H := {g ∈ G | g(α) = α} is finite [2, Theorem 9.6]. Suchkov showed that if H is a 2-group, then G has a regular normal subgroup and G is in fact finite [5] . However it is not known whether a sharply 2-transitive group with point stabilizer of finite exponent is necessarily finite. In this note we prove the following: Theorem 1.1. Let G be a sharply 2-transitive permutation group on Ω, and let H be the stabilizer in G of a point α ∈ Ω. Then we have:
Consequently every sharply 2-transitive group G with point stabilizer of exponent 3 or 6 has a regular normal subgroup. In fact G is the group of linear functions on the field of order 4 or 7, respectively.
As a further consequence of Theorem 1.1, every near-field with multiplicative group of exponent 3 or 6 is a finite field. We note that every zero-symmetric nearring with 1, whose elements satisfy x n = x for a fixed integer n > 1, is a subdirect product of near-fields satisfying the same equation (cf. [3] or the corresponding result for rings by Jacobson [1] ). Hence, by Theorem 1.1, every zero-symmetric near-ring with 1 that satisfies x 7 = x is a subdirect product of finite fields. In 10 PETER MAYR particular both addition and multiplication are commutative operations for such a near-ring.
Auxiliary results
Following the exposition in [5] we state the basic results on sharply 2-transitive groups, which we will need to prove Theorem 1.1.
Throughout this section we use the following conventions. Let G be a sharply 2-transitive group on a set Ω. We fix α, β ∈ Ω, α = β, and we fix the stabilizer of α, H := {g ∈ G | g(α) = α}. Since G is sharply 2-transitive, we have a uniquely determined element i ∈ G such that i(α) = β and i(β) = α. We note that i is an involution in G \ H. 
Lemma 2.4 ([5, 1.9]). Every product of 2 distinct involutions in G is regular.

Lemma 2.5. Every non-trivial element in G that commutes with a regular element is regular.
Proof. Let g ∈ G be regular. Let a ∈ G be such that a commutes with g and a fixes some γ ∈ Ω. Then a = a g stabilizes γ and g −1 (γ) = γ. Thus a = 1.
Lemma 2.6. Let j ∈ H be an involution. If H is torsion, then ij has finite order.
Proof. 
Lemma 2.7 ([5, 1.4]). We have ϕ(ϕ(x)) = x for all x ∈H.
Proof. Let x ∈H, and let y, z ∈ H be such that
i is an involution, and it is not contained in H. By Lemma 2.2, we have a ∈ H such that Proof. We note that ϕ(x) and ψ(x) are conjugate in H for all x ∈H. Since ϕ(ϕ(C)) = C by Lemma 2.7, we then have ψ(ϕ(C)) ⊆ C. Equality follows from Lemma 2.8 since C is finite and ϕ is bijective.
Proof of the theorem
For proving Theorem 1.1, we will need the following fact, whose proof may be found in [4] . Proof of Theorem 1.1 (1) . We use the notation of the previous section. Let G be a sharply 2-transitive group with exp H = 3. We will see that the finiteness of H follows from Lemma 3.1 once we have shown:
Every finite normal subgroup of H has order at most 3.
Let x ∈H, and let y, z ∈ H be such that
For a := zy, we have 1 = (ai) 3 = (aia 2 )(a −1 ia)i. By a = a −2 , this yields (3.2). For proving (3.1), we let U be a finite normal subgroup of H with U = {1}. We claim that
is an elementary abelian 2-group.
It suffices to show that the product of any 2 distinct involutions in K is contained in K. Since U is finite and normal in H, all elements of U have finite conjugacy classes in H.
where we used (3.2) for a = vu −1 . Thus K is a group. Since exp K = 2, we also have that K is elementary abelian.
We note that i 
1). Consequently the center of H/Z(H) is trivial and H = Z(H).
Since G is sharply 2-transitive on Ω and since G has a point stabilizer of order 3, we have |Ω| = 4 and |G| = 4 · 3. Theorem 1.1(1) is proved.
Our strategy for proving Theorem 1.1(2) is similar to that for Theorem 1.1 (1) . The key step is to show that every finite abelian normal subgroup of a point stabilizer acts on some subgroup of regular elements in G.
Proof of Theorem 1.1 (2) . We use the notation of the previous section. Let G be a sharply 2-transitive group with exp H = 6. By Lemma 2.3, we have a unique involution j in H. Hence the subgroup j that is generated by j is central in H and exp H/ j = 3. Since j is central and since H/ j is nilpotent by Lemma 3.1, we have that H is nilpotent. Let P be a Sylow 3-subgroup of H. By [4, 5.2 .7], we have that
In particular, P is normal in H and P = {x ∈ H | x 3 = 1}. We writeH := H \ {1, j} andP := P \ {1}. We show that
Let x ∈P , and let y, z ∈ H be such that x i = yiz. Seeking a contradiction, we suppose that b := zy has order 3. We note that ( Next we let x ∈H and we prove:
Hence ψ(ψ(x)) ∈ P jwv. Since x 2 ∈P , we have wv ∈ P j by (3.5). Hence ψ(ψ(x)) ∈ P jP j = P . Since ψ(H) ⊆H, (3.6) is proved. Now let C be a finite conjugacy class in H with C ⊆P j. We show that (3.7) C ⊆ ψ(P ).
By Lemma 2.9, we have C = ψ(ϕ(C)). Then ψ(C) = ψ(ψ(ϕ(C))) ⊆P by (3.6).
Since each element of ϕ(C) is conjugate to an element of ψ(C) by the definition of ϕ and ψ, we have ϕ(C) ⊆P , and (3.7) is proved.
For a ∈P such that the conjugacy class of a is finite, we can now prove
Since aj ∈P j has a finite number of conjugates, we have x ∈P and y, z ∈ H such that x i = yiz and zy = aj by (3.7). Now
, and (3.8) follows. We are now ready to show:
Every finite abelian normal subgroup of P has order at most 3.
To this end, we let U be a finite abelian normal subgroup of P with U = {1}. We claim that (3.10) K := {i u j | u ∈ U } is abelian and finite.
To show that K is abelian, it suffices to check that any 2 distinct generators com- By Lemma 2.6, the order of i u j is finite for all u ∈ U . As an abelian group, which is generated by finitely many elements of finite order, K is finite.
Since ij ∈ K is regular by Lemma 2.4, all non-trivial elements in K are regular by Lemma 2.5. Hence K ∩ H = {1} and, consequently, U k ∩ U = {1} for all k ∈ K \ {1}. Thus KU is a finite Frobenius group with Frobenius kernel K and Frobenius complement U . Since U is a 3-group, U is cyclic by [4, 10.5.6] . From exp U = 3 it follows that |U | = 3. Hence (3.9) is proved.
From (3.9) together with Lemma 3.1, we obtain |Z(P )| = 3 and that P/Z(P ) has a trivial center. We have P = Z(P ), and hence |H| = 6 by (3.4). As a sharply 2-transitive group with point stabilizer of order 6, G acts on a set Ω of size 7 and |G| = 7 · 6. Theorem 1.1(2) is proved.
